We derive the evolution equation for the density matrix of a UV-and IR-limited band of comoving momentum modes of the canonically normalized scalar degree of freedom in two examples of nearly de Sitter universes. Including the effects of a cubic interaction term from the gravitational action and tracing out a set of longer wavelength modes, we find that the evolution of the system is nonHamiltonian and non-Markovian. We find linear dissipation terms for a few modes with wavelength near the boundary between system and bath, and nonlinear dissipation terms for all modes. The non-Hamiltonian terms in the evolution equation persist to late times when the scalar field dynamics is such that the curvature perturbation continues to evolve on super-Hubble scales.
I. INTRODUCTION
In cosmological models for the primordial universe, the unavoidable quantum fluctuations of matter and the linearized gravitational field are the original source of the rich structure of late-time inhomogeneities observed today as variations in the temperature of the cosmic microwave background [1] and the distribution of galaxies [2] . While cosmological observables are (so far) purely classical, the models nevertheless provide an interesting playground where both quantum mechanics and gravity play key roles. Our cosmological observations today are limited to a finite volume of space, leaving sufficiently long wavelength modes fundamentally unobservable. Here, we use this fact of observational cosmology as motivation to investigate the quantum evolution equations of a system of cosmological modes coupled to a bath of these long wavelength modes, during an inflationary era. The role of gravity in this scenario is three-fold: (1) the homogeneous, isotropic, time-dependent gravitational background serves as a zero-momentum pump sourcing pairs of quanta in two-mode squeezed states; the zero-momentum nature of the pump ensures a homogeneous and isotropic amplification of all the momentum modes k ≤ aH, (2) the inherently nonlinear gravitational action itself provides the coupling term between system and bath, and (3) the cosmological horizon of an observer after the inflationary, quasi-de Sitter era puts a long wavelength limit to the observable modes and so forces the longer wavelength modes into the (unobservable) bath.
Our approach is complementary to previous works on open systems in inflation [3] [4] [5] [6] [7] [8] [9] which have so far con- * shandera@gravity.psu.edu † nishant agarwal@uml.edu ‡ archana kamal@uml.edu; ¶ These authors contributed equally to this work.
sidered the opposite case of computing the evolution for super-Hubble, long wavelength modes in a bath of subHubble, short wavelength modes. By tracing out the long-wavelength modes instead, we give a fully quantum treatment of observables which remains valid even in the presence of a strong coupling between long-and shortwavelength modes, i.e. when long wavelength modes cannot be absorbed by a renormalization of the background clock.In the semi-classical limit our results should recover not only the mean late-time curvature correlators that are usually calculated, but also the full super-cosmic variance probability distributions for how classical statistics observed in a single Hubble volume may differ from the mean statistics of the model [10, 11] . The paper is organized as follows. We briefly review the Hamiltonian for fluctuations in quasi de Sitter space in section II and describe the evolution equations in the two example scenarios we consider (slow-roll and nonattractor) in section III. These two background evolutions, and the choice of a particular interaction term, allow us the simplest possible calculation to examine the difference between models with and without coupling between modes of very different wavelengths (system-bath coupling) at late times. We then describe our open quantum system approach to inflation in section IV and construct the modified evolution equation for the reduced density matrix in section V. We conclude with a discussion in section VI. Various mathematical details are relegated to the appendices.
II. THE MODEL
We work in a quasi-de Sitter space where the expansion is driven by a dynamically evolving scalar field. The background metric is ds
, where a is the scale factor, t is cosmological time, and −∞ ≤ η ≤ 0 is conformal time; dots (primes) indicate derivatives with respect to t (η).
Since the scalar field evolves, its energy density serves as a "clock" and provides a preferred choice of time slices. Each slice is spatially isotropic. In an expanding universe, physical wavelengths are stretched with time, and it is often convenient to work instead with comoving wavelengths, or comoving momenta k = a(η) p, p being the physical momentum, that remain invariant as a function of time.
The Hubble parameter H =ȧ/a and its derivatives ≡ −Ḣ/H 2 , δ ≡˙ /(H ), describe the time-evolution of the background. Quasi-de Sitter phases have 0 < < 1, so a nearly constant Hubble parameter. When H is nearly constant we can integrate a dη = dt to obtain the useful relation η ≈ −1/(aH). The quadratic action for the Fourier modes of the (dimensionless) scalar perturbation, ζ, where
This expression shows that the time-dependent gravitational background acts a zero-momentum pump sourcing correlated pairs of χ quanta [16, 17] . Notice that for a mode of fixed momentum k, the second line of the Hamiltonian is more important for z /z ≈ a /a = aH c s k. In other words, the squeezing interaction term dominates the evolution when the physical wavelength of a mode is stretched to a scale larger than the Hubble size, H −1 . The broken time translation invariance ensures both that this scalar fluctuation cannot be gauged away, and gives an appropriate axis so that the two-mode squeezing introduced by the last term in the Hamiltonian is well-defined (i.e., the k and − k modes are distinguishable).
III. SLOW-ROLL VERSUS NON-ATTRACTOR EVOLUTION
In typical models of inflation (single-field, slow-roll), one chooses a slowly varying potential energy for the scalar field so that is nearly constant with a value typically of order 0.01 to 0.1. The equation of motion for the evolution of the field rapidly becomes independent of any initial velocity. The second-order differential equation of motion for ζ k gives rise to two different time-dependent pieces in the solution. These are commonly designated the "growing" and "decaying" modes, although in the case of standard slow-roll the "growing" mode actually approaches a constant for k aH while the decaying mode rapidly becomes a negligible component of the solution. Then ζ k can be considered constant (andζ k ≈ 0) roughly from the time k aH ≡ −1/η until the end of the inflationary phase, η = 0. The observed curvature perturbation, ζ k , and its conjugate momentum, π − k , satisfy [lim kη→0 − ζ k (η), lim kη→0 − π − k (η)] = 0, making quantum mechanical effects extremely difficult to observe even in the absence of any sources of decoherence. Since is nearly constant, the canonical field χ satisfies Eq. (2) with z /z = a /a to a very good approximation.
A rather different behavior can be found if the potential for the scalar field has an exactly flat region, but the energy density is driven to evolve by giving the scalar field an initial velocity [18] . Such a phase, often called a "non-attractor phase" would only persist a short time, since the initial velocity is damped away by Hubble friction. But, while it lasts, it provides a background metric that is nearly de Sitter, but with ∼ a −6 (η) far from constant and δ = −6 not a small parameter. Assuming c s is a constant, z /z = −2a /a. Crucially for our purposes, a change in dynamics affects the solution for ζ k , which now has one contribution that grows as η −3 and a second that is constant, so thatζ k = constant even for k aH.
For either slow-roll or non-attractor dynamics the evolution of the canonical field χ at quadratic order can be found in terms of two-mode squeezing and rotation operators. One first needs to solve for the time-dependence of the ladder operators using the Heisenberg equation of motion,
which can in turn be solved by a Bogoliubov transformation with a choice of initial condition at time
The Bogoliubov transformation can be written as
where r k is the squeezing parameter, φ k is the squeezing angle, and θ k is an angle rotating the conjugate field and momenta (which is the same for the k and − k modes). The leading order time-dependence in the exact de Sitter background approximation for slow-roll inflation, is given by [17] 
while for the non-attractor case we find instead
For non-attractors the solution is approximate and only valid when c s kη 1. Note that the equation of motion for χ is the same in both, slow-roll and non-attractor models, i.e.
At any instant of time, however, the position χ k and conjugate momentum p − k can be different between the two models, as indicated by the distinct time-dependence of the squeezing parameters above. The
, remains preserved at all times, as expected.
IV. DEFINING THE SYSTEM AND BATH
We use bands of co-moving momenta to define the system and bath, and assume that at some initial (conformal) time η 0 we can factorize the Hilbert space as
We focus only on how the evolution of modes in H Obs , which satisfy k min ≤ k Obs ≤ k max , is affected by interactions with unobservable modes in the near infrared H NIR , which satisfy k IR < k NIR < k min . We assume that modes in H UV can be properly accounted for with usual renormalization techniques. We also assume that modes far in the infrared, k ∈ IR, were accounted for in defining the Hamiltonian at time η 0 . This organization is shown diagrammatically in Fig. 1 . Note that the comoving Hubble radius decreases as a function of time.
1 If we worked with physical momenta such a factorization should remain valid at all times, but, since we are using comoving momenta and the scale factor a is fluctuating, the factorization would not quite hold. However, this prescription should capture the dominant features of the scenario (and we can check the physics using what is known about gauge issues for ζ k correlators).
Representation of the system ("observable" modes) and bath ("near infrared", NIR, modes) Hilbert space, in terms of bands of comoving momenta. The comoving Hubble radius (thick black circle) is larger than all wavelengths of interest at the initial time η0, but shrinks to be smaller than both bath and system wavelengths at late times.
Further, we consider a cubic interaction term of the form,
Expressed in terms of the field χ in momentum space this reads
. We choose this interaction term since it will significantly couple modes of different wavelengths in the non-attractor case whereζ k does not become negligible on large scales [19] , but not in the slow-roll case. Notice that the Dirac delta function enforces that the interacting momenta form a closed triangle, which is useful for categorizing contributions to the integral. As with the quadratic Hamiltonian, the functional form is the same for the slow-roll and non-attractor cases; the difference is in the time-dependence of . The coupling coefficient
is dimensionless but time-dependent and we take c s to be constant for simplicity.
Under the assumption that λ(η) is abruptly turned on, and hence no system-bath coupling exists at η 0 , the initial density matrix can be written aŝ
The full time evolution is then given byσ(η) = U (η, η 0 )σ(η 0 )Û † (η, η 0 ), where the time evolution operator depends on the quadratic Hamiltonian for each mode, plus the relevant interaction term. We note that both the quadratic Hamiltonian, containing the two-mode squeezing term, and the cubic interaction are time-dependent. However, for small initial coupling the full evolution can be approximated aŝ
where T time-orders the exponentials andĤ I,i is the interaction Hamiltonian in the interaction picture.
To perform the trace over the near infrared degrees of freedom, we introduce two kinds of basis states for the bath modes:
• Fock states defined at η 0 grouped into ( k, − k) pairs, as |N = k∈NIR |m k , n − k . Summing over |N amounts to summing over all possible pairs of integer values for m k and n − k . These are eigenstates of the quadratic Hamiltonian without the squeezing term.
• The two-mode squeezed vacuum for the bath modes, represented by the action of the propagator, corresponding to the full quadratic Hamiltonian for the bath, on the vacuum:
Note that, unlike |N , the squeezed vacuum is explicitly time-dependent due to the time-dependence of (r k , φ k , θ k ) in Eqs. (5) and (6).
V. THE EVOLUTION EQUATION
The reduced density matrix for the observable modes, at any time η ≥ η 0 , is given bŷ
whereÛ (η, η 0 ) is given by Eq. (10). Perturbatively expanding the above equation to second order in the coupling, we find that (see appendix A for details)
and the Lindblad operators given bŷ
Here
is defined by restricting the integral in Eq. (2) to only run over modes k ∈ Obs. This result in Eqs. (12)- (14) is similar to that of [20] , but with additional structure due to the time-dependent squeezing term at quadratic order.
The separation between system and bath is in momentum space, so we must work there to find explicit expressions for the non-Hamiltonian terms in the evolution ofρ(η). It is worthwhile to note that, for a cubic system-bath interaction, there are two non-zero contributions in either ofL N 1 ,L N 2 : (1) when two bath modes interact with one system mode or (2) two system modes interact with one bath mode. In the language familiar from the study of non-Gaussianity in cosmology, (1) corresponds to "folded" triangles and (2) to "squeezed" triangles. Note, however, that only system modes with momenta k min < k < 2k min can receive contributions of the folded type, and even for these selected modes not many configurations are possible. The fact that the same bath state |N appears in both Lindblad operators in terms
, enforces conservation of momentum of the system modes appearing explicitly in the final result.
We find that NL N 1ρ (0) (η)L † N 2 contains terms of the form (see appendices B and C for details)
from a folded triangle configuration with momenta (in units of (csη) (15), but the non-attractor case is shown in units of H −6 so as not to obscure the dependence of the amplitude on this physical number. As seen from Eq. (13), both the real and imaginary parts of this quantity enter the evolution equation. For both slow-roll (SR) and non-attractor (NA) dynamics we extract the dimensionless parameter γNL,1 from q1 in Eq. (16) .
where subscripts 's' denote system modes, subscripts 'b' denote bath modes, (. . . ) denotes all possible momentum-conserving operator pairs, andŜ k (η) and R k (η) are the two-mode squeezing and rotation operators constructed from (r k , φ k , θ k ) in Eqs. (5) and (6) . As evident from the explicit structure of the Lindblad operators above, folded configurations lead to linear (single-mode) dissipation terms, while squeezed configurations lead to nonlinear (two-mode) dissipation terms. Further in each of the configurations, there are two classes of terms:
k (hereĈ k ≡ĉ ks for folded andĈ k ≡ĉ ks1ĉks2 for squeezed configurations). While the former correspond to single/two-photon exchange with thermally distributed bath modes, the latter terms indicate that these bath modes are squeezed [21] .
We show a more quantitative comparison of the timedependence of these non-Hamiltonian terms between slow-roll and non-attractor models of inflation in figs. 2 and 3. From the functions (f i , q i ), which have mass dimension 1, we first extract dimensionless "dissipation factors" γ lin,i and γ NL,i that govern the overall timedependence in the folded and squeezed configurations respectively; precise expressions are given in appendix C. Fig. 2 shows the time-dependence of γ lin,1 for both slowroll and non-attractor inflation when the bath modes are in (a) the quantum ground state, i.e. m k b1 = m k b2 = 0, and (b) an arbitrary superposition of Fock states, i.e. summing over all occupation numbers. Fig. 3 similarly shows the time-dependence of γ NL,1 when the bath modes are in the quantum ground state, i.e. m k b = 0, or summed over.
Both the linear and non-linear dissipation terms decay with time in the slow-roll case, but increase in the non-attractor case, when bath modes are summed over, as η → 0 − . Since the non-attractor phase cannot last for more than a few e-folds, this increase at late times does not pose a problem. Note that the dimensionless γ for the non-attractor case depends on the value of the Hubble parameter; see appendix C for details. Rather than choose an arbitrary numerical value, we plot the quantity H 6 γ. Further, both the linear and nonlinear dissipation terms generically change sign as a function of time indicating that the evolution is non-Markovian [22] .
VI. DISCUSSION
In this paper, we have presented a fully quantum framework to study the open system dynamics of inflation, with the short-long mode coupling providing the effective system-bath interaction. The distinct timedependence of non-Hamiltonian terms thus obtained in slow-roll vs. non-attractor inflation can be decoupled from the aspects of our results that are quite general: (i) for a system coupled to a long wavelength bath, folded configurations of the three-point function in momentum space lead to linear dissipation terms while squeezed configurations lead to nonlinear dissipation; (ii) since we can draw far fewer folded triangles with two modes in the NIR (restricting system modes in k min < k s < 2k min ) compared to squeezed triangles with one mode in the NIR, we expect nonlinear dissipation to be more significant for inflation; (iii) "dissipation" does not necessarily imply the loss of coherence; indeed we find the evolution of system modes to be non-Markovian in general, irrespective of whether the bath modes are in the quantum ground state or allowed to occupy any state. Under such an evolution the system-bath interaction can lead to an exchange and even bath-mediated amplification of quantum coherences in the system.
The framework presented here is appropriate for any cosmological scenario of the primordial universe where curvature modes evolve outside the horizon (or, where there is non-Gaussianity that couples modes of different wavelengths). This includes all inflation beyond singleclock and contracting universe scenarios. Of course, we have studied only one of many interaction terms, but the evolution equation we have presented here is a first step towards the appropriate effective theory [20, [23] [24] [25] [26] for observables in a large class of cosmological scenarios consistent with the current understanding of our universe. We leave the explicit demonstration of the connection to late-time correlation functions more familiar to cosmologists to future work.
It will be interesting to consider the connection of this work to the well-studied case of warm inflation [27, 28] , where extra degrees of freedom lead to significant dissipative terms in the classical Lagrangian for the inflaton. It will also be interesting to explore entanglement entropy, discord, decoherence, and the tensor sector in this framework.
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Appendix A: Constructing the evolution equation
In this apendix we provide a few details in the derivation of Eqs. (12)- (14), which give the general form of the evolution equation for the system of "observable" modes coupled to a bath of longer wavelength, "near infrared" modes. The full time evolution of the system is given bŷ
where the time evolution operator depends on the quadratic Hamiltonian for each mode, plus any interaction term. At least for small coupling and short times, we can approximately factor out the quadratic evolution and usê
where (T ) T will (anti-) time-order the factors in the exponential. The operators in the interaction term are in the interaction picture, defined, for example, bŷ
is the propagator corresponding to the quadratic Hamiltonian. It is useful to divide the integral over momentum modes in the Fourier-space quadratic Hamiltonian at the point k = k min (separating the observable system modes from the near infrared bath modes) and writê
We can write the states in terms of the number of excitations for each wavenumber, using the basis of Fock states defined at η 0 for each k mode and grouped into ( k, − k) pairs. Then the states of all modes in the near infrared band, for example, can be written as |N = k∈NIR |m k , n − k . We assume that all modes start out in the vacuum defined at the time η 0 and denote the initial state of the set of near infrared modes as |ψ NIR (η 0 ) = |N IR . Furthermore, since the quadratic Hamiltonian is itself time-dependent due to the presence of the two-mode squeezing term, the action of the corresponding propagator on the NIR vacuum leads tô
whereŜ k (η) andR k (η) are the two-mode squeezing and rotation operators respectively, built from the time-dependent functions r k , φ k , and θ k . There are some different conventions for the phase φ in the literature, but notice that φ → −φ − π/2 corresponds to the same squeezing angle in the quadrature plane (while changing the form of the equation above to include (−1) n e 2inφ k ). The squeezed state of the full bath at any given time η can then be defined as |SQ(η) = k∈NIR |SQ(k, η) .
To find the evolution equation of observable modes we trace over the bath, comprising near infrared modes, in Eq. (A1) and resolve the time evolution of the reduced density matrixρ(η) = Tr NIRσ (η) at different orders of the system-bath interaction strength λ(η) [introduced in Eq. (8)
Collecting terms at the lowest three orders we obtain:
• At lowest order
The sum in the first line is equal to one, since the evolved vacuum state is normalized, and the second term, proportional toρ (0) , is zero because the matrix elements are Hermitian. Then, as expected, Eq. (A7) simply reduces to
Obs 0 (η1)dη1 .
• At first order
Since the states |N are eigenstates of only the non-squeezed part of the quadratic Hamiltonian, it may not be immediately clear that the first term in the last line vanishes. However, denotingĤ 0 |N = (E N +Ĥ sq 0 )|N = E N |N + |N sq where E N is an energy, we can rewrite this term as
which vanishes since the matrix element N sq |σ (1) (η)|N is Hermitian. (This is most easily seen by inserting a complete set of states for all NIR modes,
(1) (η)|N , and then using the fact that the Hamiltonian and density matrix are both Hermitian at all times.) Then, the remaining terms define an effective Hamiltonian,Ĥ
• At second order
We introduce the Lindblad operators,
which allow us to write
On splitting the last term in {} brackets into two pieces, η 2 < η 1 and η 2 > η 1 (and exchanging the dummy labels in the second case), it is clear that this entire term just depends on the second order density matrix,
where again the very last term is zero since the matrix element N sq |σ (2) (η)|N must be Hermitian. The term containing the product of Lindblad operators can further be resolved into imaginary and real contributions,
by identifying the following Hermitian operators,
Combining Eqs. (A8), (A9), and (A13), we find the evolution equation reported in Eq. (12),
Appendix B: Lindblad terms from a ζζ 2 interaction
In this appendix we show how we evaluate terms in the Lindbladian, such as
, given a system-bath interaction. The specific interaction we consider is the cubic action for the curvature perturbation,
In Fourier space and in terms of creation and annihilation operators of the canonical field χ, this leads to the interaction Hamiltonian written in Eq. (8),
where we have used the shorthand =
The terms inside the parenthesis include all possible momentum conserving combinations of operators, with some terms appearing with a minus sign since the interaction term couples the field χ and its conjugate momentum. The pre-factors of the integral define a dimensionless, but time-dependent coupling coefficient λ(η) = 3(c 2 s − 1)/(8c 2 s a(η) (η)). Using the fact that (η) is approximately constant for slow-roll and ∼ a −6 (η) for non-attractor models, we obtain the following expressions for the coupling,
For the cubic interaction, we consider cases where one, two, or three of the momenta are bath modes, i.e., they belong to the NIR band. Notice that since the terms that depend onL N i always come with N , they will give non-zero contributions only when the same number of modes are in the NIR in bothL N i andL † N j . That, in turn, means that there will always be an even number ofĉ k ,ĉ † k operators for modes in the observable band. As the first, trivial case, suppose all three momenta are in the NIR. Then theL N i are just numbers and soĤ (2) eff = 0 and the terms in the last line of Eq. (A16) all sum to zero.
It is helpful to write the interaction Hamiltonian for the two other cases:
To evaluateL N 2 , we use the interaction picture representation of operators from Eq. (A3), 
and we denoteĉ 
where we have also used the resultŝ
cosh r k (η) n √ n + 1 c sq n (k, η)|n k , (n + 1) − k .
2.LN1,LN2 for squeezed triangles
Following similar steps as in the folded case, we obtain the following expressions for the Lindblad operators for the squeezed configuration of two system modes, k s1 , k s2 , and one bath mode, k b ,
